
Chapter 1

*1.6
Bonding and bulk modulus  In general, the potential energy E per atom, or per ion pair, in a crystal as a function of interatomic (interionic) separation r can be written as the sum of an attractive PE and a repulsive PE,










General PE curve for bonding   [1.39]

where A and n are constants characterizing the attractive PE and B and m are constants characterizing the repulsive PE. This energy is minimum when the crystal is in equilibrium. The magnitude of the minimum energy and its location ro define the bonding energy and the equilibrium interatomic (or interionic) separation respectively.


When a pressure P is applied to a solid, its original volume Vo shrinks to V by an amount ΔV = V − V0. The bulk modulus K relates the volume strain ΔV/V to the applied pressure P by



P = −K(ΔV/Vo)






Bulk modulus definition    [1.40]


The bulk modulus K is related to the energy curve. In its simplest form (assuming a simple cubic unit cell) K can be estimated from Equation 1.39 by 
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Bulk modulus   [1.41]

where c is a numerical factor, of the order of unity, given by b/p where p is the number of atoms or ion pairs in the unit cell and b is a numerical factor that relates the cubic unit cell lattice parameter ao to the equilibrium interatomic (interionic) separation ro by b =  ao3 / ro3
a.    Show that the bond energy and equilibrium separation are given by
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b.   Show that the bulk modulus is given by
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c.   For a NaCl type crystal, Na+ and Cl ions touch along cube edge so that  ro = (ao/2). Thus, a3 = 23ro3 and b = 23 = 8. There are 4 ion pairs in the unit cell, p = 4. Thus, c = b/p = 8/4 = 2. Using the values from Example 1.3, calculate the bulk modulus of NaCl.

Solution

a. Interatomic separation r = r0 is the distance at minimum E(r), Therefore we differentiate E(r) and set it equal to zero. i.e.
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The potential energy is minimum at r = r0 and is related with bonding energy E(r0) = −Ebond. From the equation for r0 we have
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Substitute for B in the energy relation
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b. Show that the bulk modulus is given by






or



From the definition of Bulk modulus mentioned in the problem statement above 
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First we find 
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Again substituting the value of B in the above relation, i.e. 
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Not substitute for the second derivative in the equation for the Bulk modulus 
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From the relationship for bonding energy, 
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c. From Example 1.3, the bonding energy for NaCl is M = 1.748, n = 1, m = 8, r0 = 0.281 ( 10-9 m, c = 2. Therefore,
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Substitute A in expression for K we have
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Author's Note: Experimental value is roughly 2.4 × 1010 Pa or 24 GPa. The calculated value is quite close.
____________________________________________________________________________________
1.22 BCC and FCC crystals

a.   Molybdenum has the BCC crystal structure, has a density of 10.22 g cm-3 and an atomic mass of 95.94 g mol-1. What is the atomic concentration, lattice parameter a, and atomic radius of molybdenum?

b.   Gold has the FCC crystal structure, a density of 19.3 g cm-3 and an atomic mass of 196.97 g mol-1. What is the atomic concentration, lattice parameter a, and atomic radius of gold?

Solution

a. Since molybdenum has BCC crystal structure, there are 2 atoms in the unit cell. The density is 
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that is,
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Solving for the lattice parameter a we receive
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The Atomic concentration is 2 atoms in a cube of volume a3, i.e.
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For a BCC cell, the lattice parameter a and the radius of the atom R are in the following relation (listed in Table 1.3):
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b. Gold has the FCC crystal structure, hence, there are 4 atoms in the unit cell (as shown in Table 1.3).

The lattice parameter a is
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The atomic concentration is
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For an FCC cell, the lattice parameter a and the radius of the atom R are in the following relation (shown in Table 1.3):
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1.24 Planar and surface concentrations  Niobium (Nb) has the BCC crystal with a lattice parameter a = 0.3294 nm. Find the planar concentrations as the number of atoms per nm2 of the (100), (110) and (111) planes. Which plane has the most concentration of atoms per unit area? Sometimes the number of atoms per unit area nsurface on the surface of a crystal is estimated by using the relation nsurface = nbulk2/3 where nbulk is the concentration of atoms in the bulk. Compare nsurface values with the planar concentrations that you calculated and comment on the difference. [Note: The BCC (111) plane does not cut through the center atom and the (111) has one-sixth of an atom at each corner.]

Solution
Planar concentration (or density) is the number of atoms per unit area on a given plane in the crystal. It is the surface concentration of atoms on a given plane. To calculate the planar concentration n(hkl) on a given (hkl) plane, we consider a bound area A. Only atoms whose centers lie on A are involved in the calculation of n(hkl). For each atom, we then evaluate what portion of the atomic cross section cut by the plane (hkl) is contained within A.


For the BCC crystalline structure the planes (100), (110) and (111) are drawn in Figure 1Q24-1.
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[image: image42]
Figure 1Q24-1: (100), (110), (111) planes in the BCC crystal
Consider the (100) plane. 

Number of atoms in the area a ( a, which is the cube face = (4 corners) ( (1/4th atom at corner) = 1.
Planar concentration is
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The most populated plane for BCC structure is (110).

Number of atoms in the area 

 defined by two face-diagonals and two cube-sides



= (4 corners) ( (1/4th atom at corner) + 1 atom at face center = 2

Planar concentration is
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The plane (111) for the BCC structure is the one with rarest population. The area of interest is an equilateral triangle defined by face diagonals of length 
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 (see Figure 1Q24-1). The height of the triangle is 
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So, the planar concentration is
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For the BCC structure there are two atoms in unit cell and the bulk atomic concentration is
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and the surface concentration is
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1.27 Crystallographic directions and planes  Consider the cubic crystal system.

a. Show that the line [hkl] is perpendicular to the (hkl) plane.

b. Show that the spacing between adjacent (hkl) planes is given by
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Solution

This problem assumes that students are familiar with three dimensional geometry and vector products.

Figure 1Q27-1(a) shows a typical [hkl] line, labeled as ON, and a (hkl) plane in a cubic crystal. ux, uy and uz are the unit vectors along the x, y, z coordinates. This is a cubic lattice so we have Cartesian coordinates and ux(ux = 1 and ux(uy = 0 etc.
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Figure 1Q27-1: Crystallographic directions and planes

a. Given a = lattice parameter, then from the definition of Miller indices (h = 1/x1, k = 1/y1 and l = 1/z1), the plane has intercepts: xo = ax1 =a/h; yo = ay1 = a/k; zo = az1 = a/l.

The vector ON = ahux + akuy + aluz
If ON is perpendicular to the (hkl) plane then the product of this vector with any vector in the (hkl) plane will be zero. We only have to choose 2 non-parallel vectors (such as AB and BC) in the plane and show that the dot product of these with ON is zero. 



AB = OB  OA = (a/k)uy  (a/h)ux 


ON(AB = (ahux + akuy + aluz) ( ((a/k)uy  (a/h)ux) = a2  a2 = 0
Recall that
uxux = uyuy =1 and uxuy = uxuz = uyuz = 0

Similarly, 
ON(BC = (ahux + akuy + aluz) ( ((a/l)uz  (a/k)uy) = 0
Therefore ON or [hkl] is normal to the (hkl) plane.

b. Suppose that OD is the normal from the plane to the origin as shown in Figure 1Q27-1(b). Shifting a plane by multiples of lattice parameters does not change the miller indices. We can therefore assume the adjacent plane passes through O. The separation between the adjacent planes is then simply the distance OD in Figure 1Q27-1(b).

Let (, ( and ( be the angles of OD with the x, y and z axes. Consider the direction cosines of the line OD: cos( = d/(ax1) = dh/a;  cos( = d/(ay1) = dk/a; cos( = d/(az1) = dl/a
But, in 3 dimensions, (cos()2 + (cos()2 + (cos()2 = 1

Thus, 

(d2h2/a2) + (d2k2/a2) + (d2l2/a2) = 1

Rearranging,
d2 = a2 / [h2 + k2 + l2]

or,

d = a / [h2 + k2 + l2]1/2
1.28 Si and SiO2
a.   Given the Si lattice parameter a = 0.543 nm, calculate the number of Si atoms per unit volume, in nm‑3.

b.   Calculate the number of atoms per m2 and per nm2 on the (100), (110) and (111) planes in the Si crystal as shown on Figure 1.75. Which plane has the most number of atoms per unit area?

c.   The density of SiO2 is 2.27 g cm-3. Given that its structure is amorphous, calculate the number of molecules per unit volume, in nm-3. Compare your result with (a) and comment on what happens when the surface of an Si crystal oxidizes. The atomic masses of Si and O are 28.09 and 16, respectively.

[image: image53.png](110) plane (111) plane

(100) plane




Figure 1.75: Diamond cubic crystal structure and planes. Determine what 

portion of a black-colored atom belongs to the plane that is hatched.

Solution
a. Si has the diamond crystal structure with 8 atoms in the unit cell, and we are given the lattice parameter a = 0.543 ( 10-9 m and atomic mass Mat = 28.09 ( 10-3 kg/mol. The concentration of atoms per unit volume (n) in nm-3 is therefore:
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If desired, the density ( can be found as follows:
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b. The (100) plane has 4 shared atoms at the corners and 1 unshared atom at the center. The corner atom is shared by 4 (100) type planes. Number of atoms per square nm of (100) plane area (n) is shown in Fig. 1Q28-1:
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Figure 1Q28-1: The (100) plane of the diamond crystal structure.

The number of atoms per nm2, n100, is therefore:
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n100 = 6.78 atoms/nm2 or 6.78 ( 1018 atoms/m2 

The (110) plane is shown below in Fig. 1Q28-2. There are 4 atoms at the corners and shared with neighboring planes (hence each contributing a quarter), 2 atoms on upper and lower sides shared with upper and lower planes (hence each atom contributing 1/2) and 2 atoms wholly within the plane.
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Figure 1Q28-2: The (110) plane of the diamond crystal structure.

The number of atoms per nm2,  n110, is therefore:
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n110 = 9.59 atoms/nm2 or 9.59 ( 1018 atoms/m2
This is the most crowded plane with the most number of atoms per unit area.

The (111) plane is shown below in Fig. 1Q28-3:
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Figure 1Q28-3: The (111) plane of the diamond crystal structure

The number of atoms per nm2, n111, is therefore:
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n111 = 7.83 atoms/nm2 or 7.83 ( 1018 atoms/m2
c. Given:

Molar mass of SiO2:  Mat = 28.09 ( 10-3 kg/mol + 2 ( 16 ( 10-3 kg/mol = 60.09 ( 10-3 kg/mol

Density of SiO2:  ( = 2.27 ( 103 kg m-3
Let n be the number of SiO2 molecules per unit volume, then:
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 = 2.27 ( 1028 molecules per m3
Or, converting to molecules per nm3:
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Oxide has less dense packing so it has a more open structure. For every 1 micron of oxide formed on the crystal surface, only about 0.5 micron of the Si crystal is consumed.
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